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A bottleneck to the flow of air traffic is in the traffic around airports. Accurate tracking of aircraft movements
around airports is important to improve traffic capacity and safety. We propose a hybrid estimation algorithm that
uses the knowledge of departure or arrival aircraft flight plans and nominal flight profiles to improve tracking of
aircraft movements around airports. The algorithm also provides an accurate estimation of aircraft flight modes that
is often used in conflict detection, intent inference, and trajectory prediction algorithms. In the algorithm, we first
develop a methodology to model flight mode transitions based on typical aircraft landing profiles, takeoff profiles,
and standard flight routes around airports. Based on the model, we derive a conditional mode transition matrix that
is dependent (or conditioned) on the continuous state of the aircraft. The aircraft-tracking problem is then solved
using a hybrid estimation algorithm. We also present an analytical result that reduces the dimension, and hence the
computational cost, of a multivariate integral that arises due to the continuous-state-dependent mode transition
matrix. We present two simulation examples to illustrate the performance of our aircraft-tracking algorithm.

Nomenclature

logical statements

state matrices

= logical statement describing the guard condition
(or mode transitions)

= distance

aircraft’s altitude

logical true

discrete time

constant matrices that describe guard conditions

set of mode histories up to time k

aircraft’s flight mode

g-dimensional Gaussian probability density

function

= covariance of the continuous-state estimate

process noise covariance

measurement noise covariance

sampling interval

aircraft’s speed

process noise

continuous state, R"

mean of the continuous-state estimate

set of measurements up to time k

measurement vector

= g-dimensional vector with multivariate Gaussian
probability density function

= mean of Gaussian probability distribution

measurement noise

aircraft’s coordinates in horizontal plane

= continuous-state-dependent mode transition

matrix

continuous-state-dependent mode transition

probability

Covariance of Gaussian probability distribution
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@,() = g-dimensional Gaussian cumulative density
function

v = aircraft’s heading

A = logical and

\Y = logical or

%) = logical false

Subscripts

i = aircraft’s flight mode at time k

j = aircraft’s flight mode at time k + 1

1. Introduction

IR Traffic Control (ATC) is responsible for managing the

flow of aircraft operating within the National Airspace System.
The Federal Aviation Administration has projected that demands at
the nation’s major airports may exceed capacity for several years to
come [1]. Hence, the flow of traffic around airports is a major
bottleneck to air traffic. Various researchers have investigated
several concepts to enhance future air traffic management. These
include conflict detection and resolution [2—7], pilot intent inference
[8,9], accurate aircraft trajectory predictions [10], and aircraft time-
of-arrival predictions [11]. A key requirement for implementation of
the preceding concepts is an accurate knowledge of aircraft positions,
velocities, and flight modes. Furthermore, an accurate modeling of
aircraft flight mode transitions is required for conformance moni-
toring under future air traffic management operations (such as
airborne spacing, trajectory-based operations, and superdensity
operations) under the Next Generation Air Transportation System
(NextGen) [12]. In this paper, we propose a hybrid system for
modeling aircraft dynamics and flight mode transitions in terminal
areas (TRACON) and propose a corresponding hybrid estimation
algorithm for accurate tracking of aircraft positions and estimation of
flight modes.

Hybrid estimation (or multiple-model) algorithms have been used
in many target-tracking applications, including air traffic surveil-
lance [13,14]. In these applications, aircraft dynamics are divided
into a number of flight modes (or discrete states), such as constant
velocity, coordinated turn, constant descent, etc. In each flight mode,
the aircraft dynamics are then described by simpler, possibly linear,
dynamic equations. Hybrid estimation algorithms are able to achieve
superior performance by using different state estimators matched to
the aircraft dynamics for different flight modes. The performance of
a hybrid estimation algorithm hence depends greatly on timely and
accurate detection of flight mode transitions [13,15].


http://dx.doi.org/10.2514/1.40127

SEAH AND HWANG 837

Many hybrid estimation algorithms model the mode transitions
as a Markov process with a constant mode transition matrix,
independent of the continuous-state variables [13]. However, this is
not the case in ATC tracking applications, especially for aircraft
tracking in the TRACON. To ensure the safety of the flight and to
facilitate the management of air traffic, the standard route structures
around the airport, such as standard instrument departure (SID)
and standard terminal arrival routes (STARs), are imposed [16].
Furthermore, the intent information of the aircraft is filed in the flight
plan, which consists of segments within the fixed route structure.
For example, Fig. 1 shows the STARs into Memphis International
Airport. Because an arrival aircraft typically follows one of the
STARs, the flight mode of the aircraft depends on its position
with respect to the intended arrival route. Thus, with information
provided by the filed flight plan, it is possible to model the flight
mode transition probabilities of the aircraft as being dependent on
the state of the aircraft, such as its position.

A popular approach for hybrid estimation is based on multiple-
model Kalman filters. Algorithms based on this approach, such as the
interacting multiple-model (IMM) algorithm, have been shown to
give excellent performance with low computational cost [13,17].
However, the IMM algorithm and other similar algorithms based on
this approach usually assume constant mode transition probabilities.
An alternative approach is based on particle filters [18,19] which use
random samples (or particles) to represent the probability distri-
bution of the state estimation. These simulation-based algorithms
perform well in nonlinear estimation problems, but they generally
have high computational costs [19].

In this paper, we use a multiple-model Kalman filter algorithm
[20] for aircraft tracking. However, unlike other multiple-model
Kalman filter algorithms, our algorithm considers mode transition
probabilities to be dependent on the continuous state, such as posi-
tion and velocity, of the aircraft. In the algorithm, we first propose a
methodology for modeling the flight mode transitions of aircraft
movements around airports. We consider typical aircraft landing
profiles, aircraft takeoff profiles, and aircraft movements along
SIDs/STARs. Based on the model, we derive a conditional mode
transition matrix that is dependent (or conditioned) on the continuous
state of the aircraft. The aircraft-tracking problem is then solved
using a hybrid estimation algorithm, which has been proposed in the
authors’ previous work [20], that uses continuous-state-dependent
mode transition matrix.

In the authors’ previous work [20], we used a Monte Carlo
integration method to evaluate the mode transition probabilities,
which are given as multivariate integrals. In this paper, we propose
an analytical result that reduces the multivariate integrals into multi-
variate Gaussian cumulative density functions (cdf). Although, in
general, the multivariate Gaussian cdf is also a multivariate integral
that needs to be evaluated numerically, the analytical result reduces

Al 1
Standard Terminal Arrival Routes into
Memphis International Airport 2004

1 - Gilmore
2 - Marvell
3 - Holly

4 - Wilder

o

OAA /NVVS

Fig. 1 Four main STARs used for Memphis International Airport.
Note that navigation aids (VOR/DME) are indicated by three-letter
identifiers, and arrival gates are typically given full names (e.g.,
Gilmore). Airline dispatch departments file flight plans using these
STARs.

the dimension of this integration and thus reduces its computational
cost. We illustrate the performance of our aircraft-tracking algorithm
with two illustrative examples. The simulation results show that
the proposed algorithm yields better tracking accuracy and mode-
estimation accuracy, with only a small increase in computational
time, compared with various designs of the IMM algorithm.

This paper is organized as follows: Sec. II presents a stochastic
linear hybrid-system model of the aircraft dynamics and a meth-
odology to model the mode transitions. Sec. III presents a cor-
responding hybrid estimation algorithm for aircraft tracking. In
the algorithm, we also present an analytical result to reduce the
computational cost of evaluating the mode transition probabilities.
In Sec. IV, we illustrate the performance of the algorithm with
simulations. Conclusions are presented in Sec. V.

II. Aircraft Model
A. Aircraft Dynamics and Measurement Model

We consider the behavior of an aircraft in a local navigation frame
with the £ axis pointing east, the 7 axis pointing north, and the & axis
pointing up. Let

x=[g & & n i h Al

be the continuous-state vector. In our aircraft model, the dynamics of
the aircraft in the horizontal plane (i.e., £~ plane) is independent of
that in the vertical plane. Hence, we divide the aircraft dynamics
into a number of submodes in both the horizontal plane and the
vertical plane. The various submodes are subsequently described
qualitatively. The dynamics of the aircraft in each submode will be
subsequently discussed.

1. Horizontal-Flight Submodes

1) Atconstant velocity (CV), the aircraft moves at a constant speed
and heading.

2) At constant acceleration/deceleration (CA), the aircraft in-
creases or decreases speed while maintaining a constant heading.
This mode usually corresponds to takeoff or landing conditions and
may sometimes correspond to conflict-resolution scenarios.

3) In a coordinated turn (CT), the aircraft takes a heading change
by turning at a constant speed and constant turning rate.

2. Vertical-Flight Submodes

1) At constant height (CH), the aircraft moves with no or little
change in height (or altitude), corresponding to level flight.

2) In a constant descent/climb (CD): the aircraft descends
or climbs at a constant altitude change rate. This mode typically
corresponds to landing or takeoff conditions.

The mode of an aircraft at any time is characterized by a
combination of submodes in each plane. For example, the mode
of the aircraft is (CV, CH) if the aircraft is moving at constant speed
and constant altitude. Thus, the total number of modes in the aircraft
model is six.

To describe the aircraft dynamics in each submode, we let
x=[x, x,]’, where

x=[ & & n q il

and x, =[h h]’. The aircraft dynamics in each submode are
described next.

3. Lateral Dynamics in the Horizontal Plane

a. CV Mode. In the CV mode, we model the aircraft
acceleration as a white Gaussian noise. The aircraft dynamics are
described by
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17, 00 0 0 %30
01 00 00 T, 0
00 0000 10 || we
x(k+1)= x;(k) + |:Cv
! 00 01T, 0 ogfwnw
00 00 1 0 0 T,
00 00 00 0 1
(1

where T is the sampling interval, and wg_, and w, . are white
Gaussian noise with mean zero and covariance:

2
QCV = |:E[u())¥w] 02 ]] = |:0052 0052] (m/82)2 (2)

E[wNCV

The covariance Qcy and the covariance for the other flight modes
are design parameters. Here, we have chosen the covariance by
tuning the Kalman filter performance based on simulations.

b. CT Mode. In the CT mode, we use a Wiener-sequence
acceleration model given by

17, 00 0 E oo

01 7,00 0 T, 0

00 100 0 10 | we
xilk+1) = ) (k) + []
! o0 o0 171 ZI| 0 Z |l We

00 00 1 T, 0 T,

00 000 1 0 1

3

where w;_ and w,_ are, respectively, white Gaussian white noise
with mean zero and covariance:

E[w? 0 2
Ocr = [ [u()fﬁ] 2 ] = [18 182i| (m/s?)? (4

E[wUCT

c. CA Mode. In the CA mode, the same Wiener-sequence
acceleration model as that in the CT mode is used. The difference
between the CA and CT modes is in the noise covariance. In the CA
mode, the aircraft speed changes, but the heading remains constant.
Hence, we model the noise covariance of the CA mode to be large
in the direction parallel to the aircraft’s heading and small in the
direction perpendicular to the aircraft’s heading. The process noise
covariance in the CA mode is

E[w? 0
QCA:|: [wsm] ]i|

0 E[w?,,
_ [15cos(wk)y? .
- [ 0 s sin(w(k))}z} (m/s) ®
where
Y (k) = arctan (%)

is the heading of the aircraft.

4.  Longitudinal Dynamics in the Vertical Plane

a. CH Mode. Inthe CH mode, the aircraft’s altitude is almost
constant. The aircraft dynamics are modeled as

1 0 T,
where wcy is a white Gaussian noise with mean zero and covariance

Ocn = E[wiy] = 0.25* (m/s)? @

b. CD Mode. In the CD mode, the rate of change aircraft’s
height is almost constant. The aircraft dynamics are modeled as

5 (k4 1) = [5 T;}cv(k) + [T;}wm ®)

where wcp is a white Gaussian noise with mean zero and covariance:

Ocp = E[wéD] =0.5% (m/s)? (O]

5. Measurement Model

It is assumed that the measurements are taken from a surveillance
radar, which gives the position of the aircraft at 5 s intervals [14].
Radar measurements are usually reported in polar coordinates and
the accuracy depends on the distance of an aircraft from the radar. In
our simulations presented in Sec. IV, we assume that the radar
measurements are converted to the &, 1, and & coordinates (the local
navigation frame), and the standard deviation of measurement
noise is 100 m (/300 ft) in each axis [14]. Thus, although the actual
radar measurement model is nonlinear/non-Gaussian, it can be
approximated by a linear model given by [14]

1 00000O0O0O0 ve (k)
Z)=[0 00 1 0 0 0 0|[x(k)+| vk | (10)
0000O0O0TO v, (k)

where z(k) is the measured position vector, and vg(k), v, (k), and
v, (k) are Gaussian noise with mean zero and covariance:

E] 0 0 100 0 0
R=| 0 EM] o0 |=| 0 100 0 | (m)
0 0 ENY 0 0 100

an

B. Flight-Mode Transitions: Deterministic Model

Now we want to develop a mathematical model to describe the
mode transitions of the aircraft dynamics. We will derive a stochastic
model that describes the probabilities of mode transitions as
functions of the continuous state of the aircraft. We do this in two
steps. First, in this section, we model the mode transitions by
assuming that the flight profile of a departure or an arrival aircraft
is known. This will lead us to a deterministic model that clearly
defines the conditions under which various mode transitions occur.
In the next section, we will then extend this deterministic model to
a stochastic model that takes into consideration the probabilistic
variations of aircraft flight profiles in actual applications. The flight
profiles considered are as follows: 1) aircraft takeoff profile,
2) aircraft landing profile, and 3) aircraft movement along SID/
STAR.

1. Aircraft Takeoff Profile

Figure 2 illustrates a typical takeoff profile of a Boeing B747-200
aircraft [21]. The aircraft dynamics are divided into the various
submodes discussed in Sec. ILA. It can be seen that submode
transitions (and thus mode transitions) occur at various points along
the given flight profile. We denote these points along the aircraft
flight profile as the flight mode change points (FCPs). At each FCP,
we develop a model to describe the submode (and mode) transitions.

At this point, we would like to introduce some notation. We use
the letters A, B, and C to denote logical statements. A v B denotes
the case in which either A is true or Bis true (or both), A A B denotes
the case in which both A and B are true, and —A denotes the case
in which A is not true (or negation of A). Z denotes a logical true
and @ denotes a logical false. For example, we have Z A A = A and
@V A= Aforall A

To illustrate the concept of FCP, let us consider the takeoff profile
of an aircraft shown in Fig. 3 and the mode transition model shown in
Fig. 4. Let h be the altitude of aircraft and v be the speed of the aircraft
given by

v = cos(Y)é + sin(Y)n (12)



SEAH AND HWANG 839

w
=1
S

:cv:CAi CcV | Gl

| CA
i
i

»n
=1
=]

speed (knots)
g
T
I
=
Q
o
1

distance (nm)

15000 T T T T

| cH
10000 -
cD

Co

i
5000 . ECH‘\ i

altitude (ft)

0 1 I I 1
0 5 10 15 20 25

distance (nm)

Fig. 2 Typical takeoff profile of a Boeing B747-200 aircraft [21].
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Fig. 3 Initial takeoff profile of a generic aircraft.

where v is the heading of the aircraft. For an aircraft landing or taking
off, its heading may be taken as the direction of the runway. Initially,
the aircraft starts at speed v = 0 and height 2 = i} (see Fig. 3). It first
accelerates along the runway [i.e., (CA, CH) mode] and is
approaching FCP;. When the aircraft speed reaches v7, it starts to
climb at a constant speed [(CV, CD) mode]. Thus, when the aircraft is
approaching FCP;, we model that the aircraft is in the (CV, CD)
mode if h > h} or v > vj.

We use the model shown in Fig. 4a to represent the submode
transitions in the horizontal plane. In this model, if the statement, or
guard condition, C = (v > v}) V (h > h}) is true, the aircraft is in the

=((v >vf) vV (h>hY)) (v > o)V (h > h7)

(v>wvf)V (h>h})

~((v> o)V (k> kY

@ ©

N

Q@

a) Lateral-plane submode transitions

(v > v}V (h > b)) @>v)V k> h)

~((v> )V (h > h}) (> vV (k> h)

b) Vertical-plane submode transitions
Fig. 4 Flight mode transition model for FCP,.

CV submode in the horizontal plane; otherwise (i.e., if —C), the
aircraft is in the CA submode. There are no conditions that allow the
submode to be in CT. This is represented by a logical false @. The
model for submode transitions in the vertical plane is similarly
constructed and is shown in 4b. We defined the mode of the system to
be a combination of the horizontal submode and the vertical
submode. Hence, the guard conditions for the mode transitions can
be derived from that of the submode transition models given in
Figs. 4a and 4b. For example, if the guard condition for the horizontal
submode transition CA — CV is .4 and the guard condition for the
vertical submode transition CH — CD is B, then the guard condition
for the mode transition (CA, CH) — (CV,CD) is A A B, and the
condition for the mode transition (CA,CH) — (CV,CH) is
A A =B, etc. Thus, Figs. 4a and 4b completely characterize the mode
transition process.

Now let us consider a general structure of the flight mode transition
model as shown in Fig. 5. We enumerate the submodes CV, CT, CA,
CH, and CD as submodes 1, 2, 3, 4, and 5, respectively. Each guard
condition that determines the mode transition from submode i to
submode j (i, j € {1,...,5}) is denoted as C;;. The flight mode
transition model in Fig. 4 can be described by this general structure
with C3; = C and C,3 = —C. Note that by de Morgan’s law, we have

=C==((v>v})V (h>h}) ==<v)A(h<h})

Using Eq. (12), the guard condition C;3 can be described by a vector
inequality:

L.x+ Ly <0 (13)
where
L :[0 cos(¥) 0 O sin(y) 0 O 0]
*“lo o 00 0 010
w=0 4]
and

o = ”'}
B

The vector inequality y < 0 means that each component of the vector
y is nonpositive.

Using the general structure of the flight mode transition model, it is
sufficient to specify the set of guard conditions S ={C;i,j =
1,...,5} to describe the flight mode transitions at any FCP. For

Cor

a) Lateral-plane submode transitions

b) Vertical-plane submode transitions
Fig. 5 General structure of flight mode transition model.
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Table 1 Set of guard conditions for FCP;
Ci1=0Cy =C3 =—Cy3
Cpr=Cp=C=0
Cizs=Cpn=C;3=Lx+Lyt0* <0
Cay =Cs4 =—Cy3

Cys=Css=C
L [0 cos(@). 0 0 sitiy) 0 0 0
*=lo 0o 00 0 010

-1 0
=5 4]
[ — vT
9‘[%]

Table 2 Set of guard conditions for FCP,

Ci1=Cy =C3=Lx+Lgt" <0
Cr=Cp=C3=0
13=Cp3 =C33=—C3

Cu=Cs54=0

Cis=Css=1

L.=[00 0000 1 0]
L(;:—l

o = hy

example, the set of guard conditions for FCP;, which is equivalent to
the flight mode transition model in Fig. 4, are given in Table 1.

After the aircraft has passed FCP;, we consider the flight mode
transition model for the next FCP, or FCP,. Here, the submode in the
horizontal plane is CA if 4 > A} and is CV otherwise. The submode
in the vertical plane is always CD. The corresponding set of guard
conditions for FCP, is given in Table 2.

By the preceding process, the entire nominal takeoff profile of the
aircraft is modeled as consisting of a set of FCPs, and a flight mode
transition model (or equivalently a set of guard conditions S) is
formulated for each FCP. Next, we shall see that this concept may
also be applied to an aircraft landing profile and a flight profile along
SID/STAR.

2. Aircraft Landing Profile

Figure 6 shows a typical landing profile of a Boeing B727 aircraft
[22]. Various FCPs have been marked along the given profile. We
shall derive the mode transition model for FCP; and FCP,. As
illustrated in Fig. 7, we define the distance d, as

ds = (E - gref) COS(.B) + (77 - T’ref) Sln(ﬁ) (]4)
600 T T T T T T T T T
FCPy
'-—g 400} FOPy -
£ FCP;
: : FCP,
£ 0ol : G
® v : cA : : : ™~ FIPs
: L oV icaica
1 I 1 1 { 1 f 1 it H

0 H
-100 -90 -80 -70 -60 -50 -40 -30 -20 -10 0

distance (nm)
x 10" v '
T T T T T T = T T
e FOPy oD : o
P CH ; cD CH: CD:
\é H H :
2 : FCPy FCP; ; :
= 1M : - : i
FCPs FCP,
d d FCHs
0 1 1 1 1 1 1 1 1 1
-100 90 -80 -70 -60 50 -40 -30 20 -10 0
distance (nm)

Fig. 6 Typical landing profile of a Boeing 727 aircraft [22].

Table 3 Set of guard conditions for FCP;

Cii=Cy=Cy=Lx+Ly0" <0
Crn=Cp=C;=0
Ci3=Cp3 =C33 =—Cy

CC44 =Ccs4 = Ccls
L _[-cos®) 0 an(f 0 0 0 o0
x 0 0 0 0 00 -1 0

10
o=lo 1)

g _ [ 1+ & cos(B) + ey sin(B)
i

Table 4 Set of guard conditions for FCP,

Ci=C;=C=0
Cr=Cp=Cp=0
Cis=Cpn=Cu3=1
C44 = Cs4 = —-C%
=Cec = * <
0 —Cég)S(I/IC)SS 0" Jr—léf’n(yﬁ % 0 o
0 0 0 0 0 0 -1 0

10
w=lo 7]

O = |:d; + Erel’ COS(ﬁ) + Tret 911’1(}3)]
h3

L =

x

where £, 1., and hy are the coordinates of a reference point
(the end of the runway), and f is the runway direction. For FCP;, we
model that the flight mode changes from (CV, CH) to (CA, CD)
when (d; < d7) Vv (h < h}), and it remains in (CV, CH) mode when
(dy = df) A (h = h}). For FCP,, we model that the flight mode
changes from (CA, CD) to (CA, CH) when (d, < d3) v (h < h}),
and it remains in (CA, CD) mode when (d; > d3) Vv (h > h3). The
guard conditions corresponding to FCP; and FCP, are then formu-
lated as given in Tables 3 and 4, respectively.

3. Aircraft Movement Along SID/STAR

Here, we assume that an aircraft is following a standard flight
route. An example is given in Fig. 8, which shows a standard route
with two straight legs intersecting at a waypoint W,. Along the
standard flight route, the aircraft would start to turn [which
corresponds to flight mode transition (CV,CH) — (CT,CH)] at
FCP,, and complete the turn [which corresponds to flight mode
transition (CT, CH) — (CV, CH)] at FCP,,. We define the distance
d,; to be the distance of the aircraft from W, projected along the
direction of the first leg B,. Similar to Eq. (14), the distance is given
by

dy = (§ — &) cOs(By) + (7 — Nyer) Sin(By) (15)

where &.¢ and 7, are the coordinates of W,. We let df be the
distance of FCP,, from W, along the direction 8,. Then the aircraft

d / x (&n)

[

f ™~ runway

(&res<Mrey) ¢
Fig. 7 Definition of distance d;.
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North (nm)

East (nm)
Fig. 8 Aircraft moving along a standard flight route.

would start to turn when the guard condition d;; < dj is satisfied.
The set of guard conditions for FCP,, is given in Table 3.

Similarly, we define the distance d, as the distance of the aircraft
from W, projected along the direction of the second leg B,, and we
define d; as the distance of FCP,; from W, along the direction §,.
The set of guard conditions for FCP, is given in Table 6.

C. Flight-Mode Transitions: Stochastic Model

In this section, we consider the variations in aircraft flight profiles
in actual applications. Let us consider the previous example of an
aircraft moving along a standard flight route shown in Fig. 8§ and
the corresponding mode transition model. From Table 5, the mode
transition (CV,CH) — (CT, CH) is governed by the guard con-
dition d; < dj, which can be written into the general form

L.x+ Lg6* <0 (16)
where, in this case,
L.,=[cos(B;)) 0 O sin(;) 0 0 0 O]
Ly,=—1,and
0% = df + & cOS(B1) + Myer sin(By)

Figure 9 shows a typical flight profile of the aircraft in practice.
The mode transition (CV,CH) — (§T, CH) is modeled as being

governed by guard condition d,; < d|, where d] is the distance of

Table 5 Set of guard conditions for FCP,

Ci1=Cy =C5=—Cpy
Cr=Cpn=Cyp=Lx+Le0*=<0
Cz=Cp3=C3=0
Cuy=Cy =0
C45 =C55 =7
L,=[cos(B;) 0 0 sin(8;)) 0 0 0 O]
L(;:—l
0" = df + &er cOS(B1) + Mot sin(B))

Table 6 Set of guard conditions for FCPy;

Cii=Cy =Cy=Lx+Lgt" <0
Cp=Cp=Cnp=-Cy
Ciz3=Cp3=Cy3=0
Cu=C54=0
C45 = Css =7
L,=[cos(B,) 0 0 —sin(B,) 0 0 0 O]
Lg == 1
0" = d; + &er c0S(B2) + Ther Sin(B;)

North (nm)
(5,
=
Q
&

East (nm)
Fig. 9 Aircraft moving along a standard flight route.

FCP), from W,, as illustrated. The point FCP}, deviates randomly
from the nominal one (FCP,;), due to navigation uncertainty.
To account for this uncertainty, we consider the parameter d; (and
&T) in the guard condition to be a random variable. The probability
distribution d} may be specified, for example, based on a sample
of actual flight profiles. Thus, in general, we consider the parameter
0* in the guard condition (16) as a random vector to account for
uncertainties in the flight mode transitions. Furthermore, we assume
that the probability density function (pdf) p[6*] is a multivariate
Gaussian pdf with mean 4 and covariance Xg; that is,

plO*] =N, (6%; po. Zp) an

Definition I: The function NV, (y; 14, ), denotes a g-dimensional
multivariate Gaussian pdf with mean p and covariance X. It is
defined as

. L 1 _l _ Ty —1 _ )
N (s, X) ~—7(2n)%|2|%e)<p( 2(y W=y —pn)) (18)

where p is a g-dimensional vector and X is a ¢ X ¢ symmetric
positive-definite matrix. The mean p, in Eq. (17) usually cor-
responds to the parameter that describes the nominal flight profile.
Hence, 1y can be determined directly from a given flight plan or
a standard terminal flight route, and the process could be easily
automated. The covariance ¥, describes the random deviations
of typical flight profiles from the nominal due to navigation
uncertainties. For example, X4 could be determined based on the
required navigation performance for current operations or based on
aircraft navigation performance for performance-based operations
under NextGen. For best performance, it may be necessary to deter-
mine X, for various types of aircraft with different navigation
performance levels, but it is not necessary to do this for every airport
or every FCP. Our simulation results, given in Sec. IV, verify that the
proposed tracking algorithm is not sensitive to variations in 2.

Because of the uncertainty of the aircraft flight profiles, as de-
scribed previously, the flight mode transitions become probabilistic
events. Let m; and m; be any two modes of the aircraft. We define
the conditional (continuous-state-dependent) mode transition pro-
bability as

nij(x) ‘= Prim; — mj|x] = Pr[C,-j|x] (19)

where m; — m; denotes the event of a mode transition from m; tom,
and C;; is the corresponding guard condition. It is obvious that the
mode transition probability for C;; = @ and C;; =7 are 0 and 1,
respectively. Thus, we shall only be concerned with the computation
of the conditional mode transition probability for the guard condi-
tion of the type C;; = L,x + Ly0* < 0. We shall only consider
absolutely continuous probability distributions. Hence, we consider
the guard conditions L,x + Ly#* < 0 and L x + Ly0* <0 to have
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the same probabilities. We define a multivariate Gaussian cdf
@, (11, X) as follows

Definition  2:  Suppose y =[y; y, ... y,I' is a normal
g-dimensional variate {i.e., p[y] = N, (y; ., )}, then

®, (1. %) i= Prly < 0]
0 —
= [ Moy = [N, 0:0.20 20)
Note that we use the following notation for simplicity:

a aj a aq
/Nq(y;M,E)dy:/ / / N (s, Z)dy,dy, ... dy,
(21)

From Eq. (19), the conditional mode transition probability r;;
can be written as

7;;(x) = Pr{L,x + Lyt < 0|x] (22)
From Eq. (17), we have
pIL.x + Lob*|x] = N ,(6%; Lopig + Lx, LyZyLY) (23)
Hence, from Eq. (23) and Definition 2, we have

7;;(x) = @, (Lot + L.x, LyZgL}) 24

D. General Stochastic Hybrid System Model

We now extend the aircraft dynamics model described in
Secs. ILA-II.C to a general one consisting of » number of modes.
The dynamics of the aircraft are described by

x(k+1) = A, 1 X(k) + By Wiy (k) (25)

2(k) = Cppy X (k) + vy (K) (26)

where x(k) € X =R" and z(k) € R” are the (discrete-time) conti-
nuous state and the measurement variables, respectively; m(k) €
M ={1,2,...,r} is the discrete state (or mode); and the process
noise w,, (k) and the measurement noise v, (k) are uncorrelated
zero-mean Gaussian sequences. Let 6* € ® =R? be a random
vector with pdf

plO*1 =N (6% 1y, Zp) (27)

We define the vector space 2 = X x ©. For each mode transition
from mode i to mode j, we define a guard condition C;; as a polytopic
subset (possibly empty) of €2 described by

nyijx + LQ,JQ* < 0 (28)

Furthermore, we assume that the set of guard conditions {C;;|j € M}
forms an interiorly disjoint polytopic partition of the vector space
2, as follows.

Assumption 1: For each i € M, the intersection C;; N C;; = 0 for
all j # L.

Assumption 2: For each i € M, the union Uj_,C;; = Q.

The evolution of mode m(k) is then described by a continuous-
state-dependent mode transition matrix:

II(x(k)) = {ni_j(x(k))}tjzl...r (29)
where
7j(x) 1= @y (L ity + Ly X, Lo XgLi ;) (30)

Assumptions 1 and 2 are needed to ensure that IT(x(k)) is a Markov
transition matrix [23].

It can be verified that the aircraft dynamics model described in
Secs. ILLA-IL.C is a special case of the hybrid system (25-30). For
example, let us consider the submode transitions in the horizontal

Fig. 10 Illustration of the polytopic partitioning of the vector space
Q@ =[h h;] by the set of guard conditions {C,;,C;,,Cy3} for FTP,.
Note that C,, is empty.

plane for FCP, (see Table 2). As illustrated in Fig. 10, the set of guard
conditions {C,,,C,,C,3} forms a polytopic partition of the vector
space Q =[h h}].

III. Estimation Algorithm for Aircraft Tracking
A. Problem Formulation

Consider the general aircraft dynamic model [24-29]. Let Mk =
[m(1), m(2), ..., m(k)] denote the mode history up to time k. Note
that

m(l),mQ2),...,mk) e {1,2,...,r}

and thus the number of possible mode histories at time k is r*. Let
ZF =[z(1),z(2), ..., z(k)] denote measurements up to time k. The
aircraft-tracking problem involves estimating both the continu-
ous-state pdf p[x(k)|Z¥] and the mode pdf p[m(k)|Z*] from the
measurements Z¥. By the total probability theorem, it can be shown
that the pdf of the continuous state at any time & is given by

k

pl(k)|Z] =) plx(k)|Z*, Mi]pIM* = Mf|ZY] (31
=1

where M¥ denotes the Ith mode history. Hence, the computa-
tional complexity increases exponentially (as 7). To overcome this
problem, we use the Gaussian approximation method of the IMM
algorithm [17]. The details of this method will be discussed in
Sec. IIL.C.

A second problem arises due to the conditional mode transition
probability 77;;(x(k)). The mode transition probability at time k + 1
is updated by

plm(k + 1) = jiM*, Z*]
— [ bl 1) = it 24 ple = ¥, 20 32)
R
We consider a continuous-state-dependent Markov mode transition,
whereby the mode at time k 4 1 is dependent only on the mode and
the continuous state at time k:
plm(k + 1) = jIM*, Z*, x(k)]
= plm(k + 1) = jlm(k) = i, x(k)] = 7;;(x(k)) (33)

Hence, using Eq. (32), Eq. (33) can be written as
P+ 1) =M. 2= [ 0platio = i, 290 54)
R

We denote p[m(k + 1) = j|M*,Z¥] as the mode transition
probability. Note that it is different from 7;;(x) in that it is not con-
ditioned on the continuous state.

Substituting Eq. (30) into Eq. (34), we have

plm(k + 1) = jlM*, Z}]
= A@" @, (L ijx + Lojite, Le.ijEQLg,i_,-)P[x(k) = x|M*, Z¥]dx
(33)
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The multivariate integral (35) may be evaluated directly by
numerical integration methods such as Gaussian quadratures or
Monte Carlo integration methods. However, the computational
cost of evaluating the integral would be very high if the dimension
n is large. In the following section, we present an analysis that may
greatly reduce the computational cost of evaluating the integral.

B. Algorithm for Computation of Mode Transition Probabilities

We first introduce the following Lemma, which will be used
to compute the mode transition probability

plm(k + 1) = jIM*, Z}]
given in Eq. (39).
Lemma 1 Suppose that y € R" is a centered normal n-dimensional
variate [i.e., y ~N,(y;0,X,)], where ¥, € R™" is a symmetric

positive-definite matrix. Let ¢ € R? and L € R?", and let X, €
R?*4 be a symmetric positive-definite matrix. Then the integral

T = / ®,(a+ Ly SN, (30, S)dy = &, (a:5)  (36)

where
S=3,+L%,LT (37)

Proof: By Definitions 1 and 2,

—(a+Ly)
Jmn = / / Nq()\" Oa El)d)‘Nn(Y» 0, EZ)dy

1 f /‘*(IHL)‘)
Q)T S 2, b Jer Jo

1
X €Xp (_E ATZA + yTZZ_Iy]) drdy (38)

By substituting A=A— Ly into Eq. (38) and by changing the order
of integration,

i
TSI Je

1 -~ ~ -
x exp(—i[(k +Ly)"S7 (A + Ly) + yTE;‘y])dyd/\ (39)

We can verify that
(A + L) 7 0o+ Ly) + 3755y
=+ (S + L7S7' L) LTS AT (S5 + LTSL)
X[y 4 (Z7' 4+ LTS7'L) LTS 'A]
+ A = STL(E LTS L) LTS A (40)

Substituting Eq. (40) into the exponential term in Eq. (39), we have

1 —a
Jmn = q 1 1 |/
Q)2 P15, P15y + L5 LR oo

1~ A\~
x exp(—i)\T[E;1 - STIL(E + LTE]*IL)*ILTZ;‘]A)dk

41)
Using the matrix inversion lemma [24], we have
ST - STIL(ES + LTS TILTE!
=(Z, +LE,L) ' =% (42)
SISl + LTS Ll =[S + LE,LT| = |E]  43)

Hence,

L 1~T~71~) - :
Do = —— s LTS )i = 0, 5) (44
amsr ool o(@®) D

The following assumption is used in the computation of the mode
transition probability:

plm(k + 1) = jlM*, 2]

We will see later that this assumption is also needed to overcome the
problem of exponentially growing complexity.

Assumption 3: Gaussian Approximation. The pdf of the state at
time k is conditioned on the past measurements Z* and the mode
history M* is given by

plx(k) = x|M*, Z] = plx(k) = x|m(k) = i, Z]

(45)
r=N,(x;x,(k), P;(k)) i=1,2,...,r
In other words, we assume that the state pdf at time & is a Gaussian pdf
with mean X;(k) and covariance P;(k) that depends on the mode at
time k. We now present the Lemma that is used to evaluate the mode
transition probability given in Eq. (35).
Lemma 2 Under Assumption 3, the mode transition probability
given in Eq. (37) can be evaluated as

plm(k + 1) = jIM*, Z"] = p[m(k + 1) = jlm(k) =i, Z*]
=9, (Lx.ij)%i(k) + Lgjptg. L, iPi(k)LT ; + Lﬁ,ijzeLg,‘j) (46)

X,ij

Proof: Under Assumption 3, the mode transition probability
would be conditioned only in mode m(k) = i instead of all the past
mode history M*. Substituting Eq. (45) of Assumption 3 into
Eq. (35), we have

plm(k + 1) = jIM*, 2] = plm(k + 1) = jlm(k) = i. Z"]

= [ @i Lagptn Lusy ELE N (500, Py ()

“47)
Substituting x = X + X;, we have
plntl+ 1) =M, 2 = [ L+ Lyt
.
+ Lg;jlho, L0,ijELgij)Nn (%;0, P;(k))dx (43)

The proof is then completed using Lemma 1.

Lemma 2 shows that the mode transition probability can be
expressed in terms of the multivariate Gaussian cdf ®,(-). As a
result, the dimension of the integral (35) is reduced from g + n to g.
This result is especially useful if g < n, which is the case in our
application. For example, in all the mode transition models discussed
in Sec. II, g is either 1 or 2 and the dimension of the continuous-state
space n is 8. Using the method proposed by Genz [25] to compute the
Gaussian cdf, the computational cost could be reduced from about
2 s when the dimension of the cdf is 10 to about 0.1 s when the
dimension is 3.

Further usefulness of the lemma is that although the multivariate
Gaussian cdf does not have any closed-form formula in general,
there are a number of algorithms that numerically estimate its values
[25-29]. Furthermore, our algorithm is not sensitive to the accuracy
of the estimated value for Eq. (46). An accuracy of 2 digits (0.01)
would usually be sufficient. For ¢ = 1, the Gaussian cdf is well
tabulated. For ¢ = 2 or 3, closed-form formulas given by Cox and
Wermuth [26], which provide sufficiently good estimations, may be
used. For general cases in which g > 4, various efficient numerical
estimations based on Monte Carlo procedures combined with
analytical methods have been proposed by Genz [25] and Deak [27].
The algorithm proposed by Deak [27], for example, yields 3-digit
accuracy, in the worst case, in less than 1 s for all dimensions ¢ < 20.
For moderate dimensions ¢ < 7, an algorithm based on recursive
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| 1
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| 1
:|compute mode transition probability‘ ’—rmx*ﬁ‘ !
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: a;(k+1) ] |
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\ 4

output I

aj(k+1) #(k+1) P(k+1)
Fig. 11 Structure of the hybrid estimation algorithm.

integration, proposed by Miwa et al. [28], has been shown to be faster
than that based on Monte Carlo procedure. The reader may also refer
to Tong [29] for discussions of other numerical algorithms.

C. Hybrid Estimation Algorithm

As shown in Fig. 11, the hybrid estimation algorithm consists of
a bank of » mode-matched Kalman filters (KF) that run recursively.
Assume that at time k, we have the posterior mode probability (or the
discrete-state pdf) «;(k|k), which is defined as

a;(klk) == p[m(k) = i|ZF] fori=1,...,r (49)

We also have a posterior continuous-state pdf from each Kalman
filter i, given by

plx(k) = x|m(k) = i, Z¥] = N, (x; X (k| k), P; (k| k)) (50)

where X;(k|k) and P;(k|k) are the posterior mean and covariance
matrix, respectively, from Kalman filter i. The continuous-state pdf
and the discrete-state pdf at time k + 1 are then updated as follows.

1. Compute Mode Transition Probability

As shown in Lemma 2, the mode transition probability given in
Eq. (34) can be written as

plm(k + 1) = jIM*, Z¥] = plm(k + 1) = jlm(k) =i, Z*] (51)
Thus, from here on, we denote the mode transition probability as
)’ij(k)1
Vi (k) = plm(k + 1) = jim(k) = i,Z"]
=@, (L, ;% (k) + Loiptg, Ly iiPi()LY ; + Ly ;;5LY ) (52)

X,ij 0,ij

2. Mixing

As discussed in Sec. III.A, the computational complexity grows
exponentially if we consider all past mode histories when updating
the continuous-state pdf. We use the Gaussian approximation
method in the IMM algorithm [17] to overcome this problem. From
r Kalman filters, we have

plx(l + DIZ) = 3 pl(k + Dimk + 1)
=

=Jj. Z" plm(k + 1) = j|ZH1] (53)

where

plx(k + 1)|m(k + 1) = j, ZF]
_ plek + Dx(k + 1), m(k + 1) = j, Z¥]
N plz(k + D|m(k + 1) = j, Z¥]
x plx(k + D|m(k 4+ 1) = j, Z¥] (54)

The last term on the right of Eq. (54) can be written as

plxtk + Dmk + 1) = j, ZK = Xr:p[x(k + D|m(k+ 1)
i=1
= j.m(k) = i, Z*]plm(k) = ilm(k + 1) = ., Z*] (55)

Assumption4: Gaussian Approximation. Similar to Assumption 3,
we assume that each of the pdf

plx(k + Dlm(k + 1) = j.m(k) = i, Z"]

is Gaussian and is conditioned only on the mean and covariance of
Kalman filter i computed at time . In other words,

plx(k + D)|m(k + 1) = j, m(k) = i, Z¥]
= plx(k + Dm(k + 1) = j, :(k), P; (k)] (56)

is a Gaussian pdf with a mean and covariance that depend on x;(k)
and P;(k). The pdf

plx(k + D|m(k + 1) = j, Z¥]

in Eq. (35) is then approximated via moment matching by a single
Gaussian pdf. Hence, we compute the initial conditions X (k) and
Py(k), which are the inputs to each Kalman filter j, as follows:

% j0(k) =Y %(klk)a,; (k) (57)
i=1

Pio(k) = Y 4P (klK) + [R:(k[k) — £50 (O)][R; (k[K) — R0 (R)]T 3t ()
i=1
(58)

where
_ . . 1
& ji(k) == plm(k) = ilm(k + 1) = j, Z] = —Vij(Be;klk) (59)
J
and c; is a normalizing constant.

3. Filtering

Each Kalman filter j computes its own posteriors X ;(k + 1|k + 1)
and P;(k + 1]k + 1) using the initial conditions X (k) and P j, (k).

4.  Mode Probability Update
For j=1,..., r, the prior probability of mode j is given by
a;(k + 11k) := plm(k + 1) = jIZF] =Y yi;(k)ei(klk)  (60)
i=1
Next, define the likelihood function for Kalman filter j:
Ak + 1) := plz(k + 1)|m(k + 1) = j, Z¥]
=N, (r;(k+1);0,8;(k + 1)) 61)

where
ritk+1)=z(k+1)— Cjij(k + 1lk+ 1)

is the residual of Kalman filter j, and S;(k + 1) is its covariance.
The posterior probability of mode j is then given by
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a;(k + 1k + 1) = gplz(k + 1)|m(k + 1) = j, Z*]plm(k + 1)
= j|Z" = %Aj(k)a_,-(k + 1|k) (62)

where f is a normalizing constant.

5. Output
The continuous-state pdf at time k + 1 is given by

plx(k + 1) = x|Z**1]

=D N, (i (k+ 1k + 1), Py(k + 1k + D)e;(k + 1]k + 1)

Jj=1

~N,(x(k+1), P(k+ 1)) (63)

where

R+ 1) =) %k + 1k + Dey(k+ 1k + 1) (64)

=1

P(k+1)= i{Pj(k + 1k + 1) +[X;(k + 1]k + 1) — X(k)]

j=1

& (k4 1k 4+ 1) — 2(k)] e (k + 1]k + 1) (65)
The discrete-state pdf at time k + 1 is given by
plmk +1) = jIZM' = a;(k + 1]k + 1) for j=1,....r (66)

IV. Simulations

We illustrate the application of our algorithm to two aircraft-
tracking scenarios. For ease of presentation, we would like to reduce
the number of flight modes to be considered in each scenario. Hence,
for the first scenario, which involves an aircraft flying at constant
altitude along a STAR, we consider only the horizontal submodes.
For the second scenario, which involves a landing aircraft, we
consider only the vertical submodes.

A. Example 1: Aircraft Movement Along STAR
1. Simulation Scenario

We consider an aircraft arriving along a STAR, similar to the
example given in Sec. ILA (Fig. 8). To emulate actual arrival air-
craft trajectories [11], we generated 60 aircraft trajectories that are
randomly distributed about the nominal trajectory, as shown in
Fig. 12. The nominal speed of the aircraft is 500 kt and its nominal
turning rate during a coordinated turn is 1.5 deg /s.

We denote the algorithm proposed in Sec. IIL.C as the state-
dependent-transition hybrid estimation (SDTHE) algorithm. We
compare the performance of the SDTHE algorithm with that of the
IMM algorithm, which has been shown to have great performance in

d; =3.5nm

ds =3.0 nm

North (nm)

-

Fig. 12 Sixty simulated trajectories for arrival aircraft for which the
flight plans filed the STAR given in Fig. 8.

aircraft-tracking applications in terms of tracking accuracy and
computation time [11,14]. The IMM algorithm models the mode
transition using a constant matrix I that is independent of the
continuous state. For this simulation, for simplicity, we assume that
the aircraft is always flying at constant altitude, and hence the air-
craft submode in the vertical plane is always CH. Thus, we consider
only the submodes in the horizontal plane. We consider two designs
of the mode transition matrix for the IMM algorithm:

T Ty T3 0.8 0.1 0.1
IMMI:II = | my 7y 7 |=(01 08 0.1
T3 T3y TT33 0.1 0.1 0.8

0.95 0.025 0.025
IMM2:IT =] 0.025 0.95 0.025
0.025 0.025 0.95

Thus, in the IMM algorithm, the mode transition probabilities
7r;; are all constant. Higher values in the offdiagonal terms of the
mode transition matrix II correspond to higher probabilities of
mode transitions. Hence, the first design (IMM1) assumes a higher
probability of mode transitions compared with the second design
(IMM2). We use these two designs to investigate the effect of the
mode transition probability matrix on its tracking performance.
For the SDTHE algorithm, we model the mode transitions of FCP,
as given in Table 3. Hence,

My =my =my =1 —pldy < djlx]=1-®/(Lix—d;; a)
(67)

My =Ty = 7y = pldyy = dj|x] = O (Lix - df; Xg)  (68)

T3 =73 =133 =0 (69)
where

L,=[cos(B;)) 0 O sin(B;) 0 0 0 O]

To account for exceptional flight scenarios, such as a collision-
avoidance maneuver, we include a small constant term (0.01) in each
7r;;. This term is added so that there is always a small probability
(~0.01) of an aircraft mode change regardless of the continuous state
of the aircraft. Thus, we use the following modified conditional mode
transition probabilities:

my =7y =73 = k(P (Lyx — _TQEd]*) +0.01) (70

Ty =Ty =73 = k(1.01 — @, (Lyx — _T;Zdl*)) (71)

T3 = T3 = T33 = 0.01« (72)

The constant k = 1/1.03 is used as a normalizing factor, so that
r
dom=1
Jj=1

for all i =1,2,3. The parameter dj depends on the point (cor-
responds to FCP in Fig. 8) at which the aircraft starts to turn. It is
assumed to have a distribution

pldi]l= Nl(d*; _T» Edf)

where the mean distance d} is given in Fig. 12, and the covari-
ance Ed? is (0.5 nm)>. Similarly, the conditional mode transition
probabilities for FCP;; are given by

Ty =y = 73 = k(P (Lyx — d; ) +001)  (73)
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Ty = Ty = 735 = k(1.01 — &, (Lyx — di; gd;)) (74) turn at a time appr.oximately between 50 and IOQ s. From Fig. 13 and

Table 7, the tracking accuracy of the IMM algorithm depends on the

design of the mode transition matrix. The first design IMM1, which

assumes high mode transition probabilities, does not have good

T3 = 3 = 33 = 0.01k (75) tracking performance during steady-state motion, compared with

both IMM2 and SDTHE. On the other hand, IMM?2, which assumes

where low mode transition probabilities, has poor tracking performance at
. the onset of mode transitions. Furthermore, from Fig. 14 and Table 7,

Ly=[cos(B,) 0 0 sin(f;) 0 0 0 0] IMM2 performs badly in mode estimation. The S%)ﬁ{E algorithr_n

has both better tracking accuracy and better mode-estimation
accuracy than both IMMI1 and IMM2. In summary, the result shows
that the IMM algorithm requires a tradeoff between peak estimation

d3 is given in Fig. 12, and 2, is (0.5 nm)*.

2. Simulation Results errors at the onset of mode transitions and average estimation errors

Figures 13 and 14 compare the tracking accuracy and the mode- during steady-state motions. The SDTHE algorithm is able to
estimation accuracy of the algorithms. The statistics of the results are achieve better performance by conditioning the mode transition
summarized in Table 7. Note that the aircraft performs a coordinated probabilities on the continuous state of the aircraft.

400

B. Aircraft Landing

£ 350 1. Simulation Scenario

g 300 We consider a typical aircraft landing profile similar to that
5 250 given in the example discussed in Sec. IL.B (Fig. 6). We simulate the
2 200 descent phase from an altitude of about 22,000 ft down to about

10,000 ft. We generate 100 random descent profiles, as shown in
Fig. 15 for the simulation. As before, we assume that a surveillance
time (sec) radar provides position measurements with a standard deviation of
300 ft in each axis of the local navigation frame at 5 s intervals.

(&)
o

150 T T . .. . . . .
For simplicity of illustration, we consider only the vertical-plane
3 dynamics and hence only the CH and CD submodes. Again, we con-
5 10 sider two designs for the IMM algorithm:
> ' ,
8 %0 e Ty T 0.8 0.2
R . . . IMMLEII=| "% 7%=
8 a9 sy  Tss 02 0.8
0 i i
0 50 100 150
time (sec) IMM2:TT = |:0.95 0.05]
Fig. 13 Comparison of tracking accuracy for Example 1: rms values of 0.05 0.95
position error for 60 runs.
Estimated mode from SDTHE Mode probabilities from SDTHE
3 ; : : 1 O el e
true mode \
25} + estimated mode| | 0.81 R ]
0.6 ! —cv
ot + 1 == =CT
04 1 A CA
1.5} 1 oz2f ! 1 ]
|
1 St b -+ 0 ke i i
0 50 100 150 0 50 100 150
Estimated mode from IMM1 Mode probabilities from IMM1
3 T : :
true mode
25t + estimated mode| |
2r + 1
1.5¢ 1
1 S+ FH -t
0 0 100 150
Estimated mode from IMM2
3 T : :
true mode
25t + estimated mode | |
2r +++ ~
1.5¢ 1
1 R I N S - 0 . 1 i “—a\.t
0 50 100 150 0 50 100 150

Fig. 14 Comparison of mode-estimation accuracy for Example 1: mode estimation and mode probabilities of a typical run.
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Table 7 Comparison of performance for Example 1: statistics of 60 simulation runs

RMS position error, ft

RMS velocity error, ft/s

Average mode-estimation error

847

Peak Average Peak Average (number of time steps)
IMM1 350 228 115 49 5.8
IMM2 376 219 125 42 8.1
SDTHE 322 212 112 36 3.7
For the SDTHE algorithm, we use the mode transition models
given in Tables 3 and 4. Thus, the conditional mode transition _
probabilities for FCP; are ) = di | _| 80 nm
T 2100 ft
Tas = 754 = kK(1.01 — D, (Lsx — 115 21)) (76)
To investigate the sensitivity of the SDTHE algorithm to the assumed
T4 = 755 = k(D (Lyx — 1113 5) + 0.01) a7 distribution of the parameters d} and &}, we consider two designs of
where 280 . : : . . ;
—©— SDTHE!
[ —[cos@ 0 0 sin(y) 0 0 0 0 2601 T4 SomHex|
Lo 00 0 0010 2401 —— IMM2
220
pox 10 g 20
. 5 180
;"12 % 160
e i £ 140
g 15 i 120

gl

distance (nm)

Fig. 15 One hundred simulated trajectories for a descent phase.
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Estimated mode from IMM1
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461 true mode
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421 1
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Estimated mode from IMM2
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481 1
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Fig. 17
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Fig. 16 Comparison of tracking accuracy for Example 2: rms values of

altitude error for 100 runs.

Mode probabilities from SDTHE

CH
- ==CD
100 150 200 250 300 350
Mode probabilities from IMM1
1 : . . . ; -
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Mode probabilities from IMM2
1 . . . ; -
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\ pa Loy AN
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4 1}
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Comparison of mode-estimation accuracy for Example 2: mode estimation and mode probabilities of a typical run.
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the SDTHE algorithm. In the first design (SDTHE1), we use

5 - (1.5 nm)? 0
= 0 (300 ft)?

which is close to the actual variations of the simulated trajectories.
In the second design (SDTHE2), we use

[ (3 nm)? 0
i _[ 0 (500 ft)2j|

The conditional mode transition probabilities for FCP, are

T4 = Tas = kK(1.01 — @y (Lyx — py; X)) (78)

754 = 755 = k(P (Lyx — o3 Xp) + 0.01) (79)
where

L= cos() 0 O sin(yp) O O O O
4 0 00 0 0010

_ d:;‘ _ | 55nm
o= 35 17 [ 10,500 fit
5, =3,

2. Simulation Results

Figures 16 and 17 compare the tracking accuracy and mode-
estimation accuracy of the various algorithms. Here, we see that
IMM1, which assumes high mode transition probabilities, has a
number of errors in its mode-estimation, even during steady-state
motion. The confidence level of the mode estimation, as measured by
the mode probabilities, is also not good. On the other hand, IMM?2,
which assumes low mode transition probabilities, has large delays in
detecting mode transitions. The SDTHE algorithm has better
tracking accuracy and mode-estimation accuracy than both IMM1
and IMM2. Furthermore, the results of SDTHE1 and SDTHE2 show
that the SDTHE algorithm is not sensitive to variations in the
covariance of the parameters df, h}, etc. The results of the 100
simulation runs are summarized in Table 8.

Table 9 shows the total run time for the 100 runs in both Example 1
and Example 2 for the various algorithms. The run time of the
SDTHE algorithm is of the same order as that of IMM1 or IMM2.

Table 8 Comparison of performance for Example 2: statistics
of 100 simulation runs

RMS altitude error, ft ~ Average mode-estimation error

Peak Average (number of time steps)

IMM1 221 171 11.7
IMM2 255 158 9.6
SDTHEL1 202 133 2.8
SDTHE2 203 135 3.7

Table 9 Comparison of the respective total run time in
Example 1 and Example 2

Example 1 (60 runs) Example 2 (100 runs)

IMM 34s 6.0s
SDTHE 3.6s 728

V. Conclusions

We have proposed a stochastic linear system hybrid estimation
algorithm for the tracking of aircraft around airports. In the algo-
rithm, a methodology to model an aircraft’s flight mode transitions
based on its nominal flight profiles is proposed. An analytical result
to reduce the computational cost of evaluating the mode transition
probabilities is also presented. The performance of the algorithm has
been illustrated with simulation examples.

We are currently investigating the application of the proposed
aircraft model and estimation algorithm to aircraft conformance
monitoring for future air traffic management operations, such as air-
borne spacing and sequencing operations, in the Next Generation
Air Transportation System.
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